Abstract-We discuss characterization of single-photon wave packets by measuring Hong-Ou-Mandel interference with a weak coherent pulse. A complete multimode calculation is presented and effects of multiphoton terms in the coherent field as well as the impact of source and detection imperfections are discussed.
become prohibitively long; on the other hand, increasing the amplitude of the coherent state would enhance its two-photon and higher terms masking Hong-Ou-Mandel interference. Our calculation takes into account also other factors affecting the trade-off, such as imperfect preparation efficiency of single photons, non-unit detection efficiency and dark counts of the detectors. This allows us to link the two-photon interference visibility to the actual modal overlap between the singlephoton wave packet and the coherent state, and determine the systematic error of such a measurement.
Nonclassical interference between a single photon and a weak coherent pulse has been observed by Rarity at al. [7] , who also presented a single-mode model. A measurement of two-photon interference with a suitably chosen collection of coherent pulse modes enabled the reconstruction of the complete single-photon density matrix in the spectral domain [8] . Here we extend previously used models to the fully multimode case and include the complete photon statistics of the coherent field.
II. BEAM SPLITTER TRANSFORMATION
We will consider here the spectral degree of freedom, corresponding to optical fields confined to single-mode fibres. A generalization including spatial degrees of freedom is straightforward. We assume that the single-photon wave packet is prepared with a probability p, and is described by a density matrix̺(ω, ω ′ ). Thus the quantum state of the field entering the beam splitter reads:
(1) whereâ(ω) andâ † (ω) are the annihilation and the creation operators for a frequency ω at the corresponding input port of the beam splitter. The coherent state is prepared in a mode characterized by a spectral amplitude u(ω), assumed to be normalized to one. The associated annihilation operator is therefore given by a superposition:
whereb(ω) are annihilation operators of monochromatic modes entering the second input port of the beam splitter. We will use the following notation for a coherent state with an amplitude β generated in the mode u(ω):
) is the displacement operator. The total input density matrix is given by the tensor product ̺ in =̺ a ⊗ |βu(ω) b βu(ω)|. This expression is transformed to the output density matrix̺ out represented in terms of the outgoing modesĉ(ω) andd(ω) leaving the beam splitter by substituting monochromatic field operators according to:
We assume here a flat spectral characteristics of the beam splitter over the relevant frequency range.
III. COINCIDENCE COUNT RATE
The probability of a click on a binary detector monitoring one of the outgoing beams is given by the expectation value of the following normally ordered operator:
for the beam c and analogously for the beam d. In the above formula, 1 − ξ is the probability of a dark count, and η is the quantum efficiency, assumed to be uniform across the spectrum of the detected fields. The coincidence count rate R C is given by the expectation value
This quantity can be conveniently expressed in terms of the expectation values of a two-parameter operator:
as
In order to evaluate the expectation value
, it will be useful to write the output density matrix as:
wherê
describes a pair of coherent states in beams c and d prepared in a spectral mode described by the mode function u(ω), with equal amplitudes β/ √ 2. The expectation value Ẑ (η c , η d ) involves then terms of the form Tr[̺ cohĉ
, where the operators for the beam c and be also substituted by the field operators for the beam d. The operator products appearing in these expressions can be brought to the normally ordered form using the formula valid for any bosonic operator c [9] :
Consequently:
and
With the normally ordered expressions, the expectation value Tr[̺ outẐ (η c , η d )] can be easily calculated to be equal to:
where T is the overlap of the single-photon wave packet with the mode function of the probe coherent state:
Substituting Eq. (14) into Eq. (8) we end up with the expression for the coincidence rate as a function of the overlap T in the following form:
The coincidence count rate measured as a function of the delay between the single-photon wave packet and the coherent pulse provides information on the spectral characteristics of the single-photon wave packet.
IV. INTERFERENCE VISIBILITY
The mode overlap T can be recovered from Eq. (16) by comparing the coincidence count rate with the case when the modes of the two incident beams are completely distinguishable, corresponding to T = 0. This can be quantified with the help of the visibility of the Hong-Ou-Mandel dip, defined as:
After substitution of Eq. (16) into Eq. (17) we obtain that the visibility is proportional to the mode overlap T :
where the proportionality constant c f is given by
and we will refer to it as the correction factor, dependent on the parameters of the setup. In the idealized limit of η = ξ = 1 and α → 0 the correction factor is equal to one. In the first step, it is instructive to consider the case of no dark counts ξ = 1 and a small coherent amplitude, which allows one to apply an expansion in η |β| 2 . One then obtains:
which shows that the correction factor decreases with the increasing coherent state effective amplitude. In the left panel of Fig. 1 we plot the correction factor c f and the coincidence count rate R C for T = 0 as a function of η|β| 2 and ηp under the assumption of no dark counts ξ = 1. Obviously, the coherent pulse amplitude needs to be non-zero to register any two-photon event at all, which results in a trade-off for its value.
The behavior of the correction factor c f is qualitatively different in the presence of dark counts characterized by ξ < 1, as seen in the center and right panels of Fig. 1 . This is because for very small coherent pulse amplitudes the interference dip becomes dominated by dark count events, and the visibility carries little information about the mode overlap. Consequently, for a fixed product ηp, there is a non-zero optimal coherent state amplitude that maximizes the correction factor c f . However, the correction factor never reaches the unit value in contrast to the regime free of dark counts. Fig. 1 shows that for detectors having 1% and 5% of dark counts the highest possible value of the correction factor is close to 0.8 and 0.7 respectively.
The statistical uncertainty of the determined overlap T is a function of both the correction factor, which attenuates the dependence of the measured visibility on T , and the count rate of coincidence events. In a simple estimate, the relative uncertainty of T can be written as:
The expression on the right hand side of the above formula can be maximized with respect to η|β| 2 for fixed values of ξ and ηp. Results of this procedure are shown in Fig. 2 , which provides guidelines for selecting the optimal amplitude of the probe coherent pulse. It is seen that the number of detected photons in the coherent pulse should be of the order of one.
V. CONCLUSIONS
The method of characterizing single-photon wave packets is very simple from the conceptual point of view. However, data obtained using an auxiliary coherent pulse to implement HongOu-Mandel interference need to be corrected for multiphoton events. The optimal amplitude of the pulse has been found for a realistic range of parameters. Fig. 1 . Contour plots of the correction factor c f (top row) and the coincidence count rate R C (bottom row) as a function of the product of the generation probability and the detector efficiency ηp, and and measured coherent state intensity η |β| 2 .
